We extend a known multi-quark three-flavor Lagrangian of the Nambu-Jona-Lasinio type, which includes a set of effective interactions proportional to the current quark masses, to include the multi-quark interactions of vector and axial-vector types. It is shown that the mass spectrum of the four low-lying meson nonets are in agreement with current phenomenological expectations.
I. INTRODUCTION
Since the formulation of the Nambu-Jona-Lasinio (NJL) model, the study of the nonperturbative QCD vacuum and low-energy phenomena on the basis of chiral symmetry and its dynamical breaking modelled through effective multi-fermion interactions has seen considerable development. The NJL model was originally formulated in terms of a single effective four-fermion vertex of nucleon fields [1, 2] . The rise of the quark model and, later, of QCD, has led to its reinterpretation in terms of colored quark fields and to its extension to three flavors, which in turn led to the inclusion of the six-quark U A (1) breaking 't Hooft determinant term [3] [4] [5] [6] . Chiral eight-quark interactions have been included in later studies [7] [8] [9] , completing the set of effective vertices in the chiral Lagrangian which are relevant to the dynamical breaking of chiral symmetry in four dimensions [10] . It has been argued in [9, 11] , using arguments pertaining to N c counting (including, in particular, effective potential stability conditions), that the six-and eight-quark vertices constitute next-toleading order terms in a hierarchy of multi-quark interactions, as opposed to the four-quark term which is the leading order contribution.
Chiral symmetry is only an approximate symmetry of strong interactions, being explicitly broken in QCD due to finite current quark masses. The explicit chiral-symmetry breaking is usually included in the NJL-type models through a canonical mass term of the Dirac fermion field. It is known, however, that the mass of the s quark is too large for SU(3) × SU (3) symmetry to be very reliable at lowest order in chiral-symmetry breaking. Thus, one should consider the next-to-leading order (in quark masses) contributions. Fortunately, the 1/N c hierarchy of chiral symmetric multi-quark effective vertices implies that the hierarchy of explicit symmetry-breaking terms may also exist [12, 13] (the QCD origin of the set of explicit symmetry breaking multi-quark interactions has been traced back recently in [14] ).
The higher-order effects contribute to the effective quark masses and lead to the chiral symmetry-breaking meson interactions. This extension has been shown to improve the accuracy of estimates within the NJL type effective approach in describing the scalar and pseudoscalar meson spectra, as well as in yielding reasonable results for some strong and radiative meson decays [12, 13] . This extended version of the model has been also employed in the thermodynamic study of the chiral transition and of quark matter in [15] . It has been further developed in order to account for isospin breaking effects in [16] .
Any description of strong interactions would be incomplete without an extension of the above mentioned ideas to spin-1 states, most notably vector and axial-vector mesons. This generalization, as it will be shown in the text, covers two aspects of the effective multi-quark interactions. First, we include all possible chiral-symmetric multi-quark interactions of spin-0 and spin-1 types up to and including the eight-quark local couplings. As a result, the Lagrangian contains not only conventional scalar-and vector-type four-quark interactions but includes also their mixture: the eight-quark interactions made from spin-0 and spin-1 chiral symmetric combinations. Second, we classify and include all explicit symmetry-breaking multi-quark interactions in the approximation considered. Such a description may be regarded as an effective Lagrangian approach at the level of multi-quark vertices. Despite the generality of this approach, the model has a large number of coupling constants which must be fixed from phenomenology. While this fact may be seen as a drawback of the approach, it should be noted that these parameters are less than arbitrary, obeying strict symmetry constraints which bind them together in very specific ways such that their sheer number is not an a priori guarantee that the relevant observables may be accurately fitted. At zero temperature and density, the model has a limited predictive power due to a degeneracy between certain parameter sets. Nevertheless, this degeneracy is lifted as we introduce finite temperature and density, leading to its exceptional relevance in the study of thermodynamic properties of strongly interacting quark matter at finite density, temperature, or in a strong magnetic background, supplying us with a more detailed picture of quark dynamics.
Let us give just a few motivations. It has been shown recently [17] that the presence of vector modes has an important impact on the equation of state, making it stiffer. Indeed, in [15] , the model's equation of state with only spin-0 modes has been shown to be too soft for describing recently observed compact stellar objects, whereas in [18, 19] the presence of effective interactions involving vector modes has been shown to be instrumental in this description. In these works, the strengths of the vector related interactions are kept as free parameters. This provides a motivation for the consistent inclusion of spin-1 states. Another interesting prospect of the inclusion of spin-1 states is motivated by the phenomenologically successful ideas of vector-meson dominance (VMD) and universal coupling of mesons to conserved currents [20] (it is well-known that the NJL model supports both ideas [21] ). We have a unique opportunity to study the role of the full set of effective multi-quark terms in the description of strong and radiative decays of vector mesons both in the unsymmetric Nambu-Goldstone phase and in the symmeric Wigner-Weyl phase, including the important details of the explicit symmetry-breaking phenomenon. This comparison may supply us with useful information about the possible signals of chiral symmetry restoration in hot and dense matter (where the role of eight-quark interactions is more profound [15, [22] [23] [24] [25] [26] ), giving us insights into the structure of the QCD phase diagram. There are also indications that the location of the critical end point is affected by the special role of the vector-channel interaction in the medium [17, 27] .
There are several different approaches aimed at including spin-1 mesons in the effective chiral Lagrangian [28] [29] [30] [31] [32] [33] [34] [35] . These contain the "nonlinear realization" [28] [29] [30] , "massive YangMills" [31] [32] [33] , "hidden-gauge" [33, 34] , and "antisymmetric tensor-field" [35] formalisms.
Despite the rather different forms of their Lagrangians, all of these approaches are in principal equivalent [36] [37] [38] . Each corresponds to a different choice of spin-1 fields and their transformations. This is illustrated rather well in NJL-type models, where there is considerable freedom in the choice of auxiliary fields in the vector and axial-vector channels [39] [40] [41] .
In the present work the physical spin-1 fields belong to the linear representation of the chiral group. This scheme leads to the most economical structure of the effective Lagrangian. A further simplification is related with the way we remove the πa 1 mixing term. We do this by a linearized shift in the definition of the axial-vector field. This transformation does not lead to chiral symmetry violations [42] , although it changes the chiral transformation properties of the axial-vector and vector fields in the broken vacuum. Such diagonalization generates a minimum number of vertices in the effective Lagrangian.
Another kind of approach which treats the low-lying axial vector nonet as dynamically generated meson-meson resonances is also employed in chiral effective models. Examples may be found in [43] and [44] [45] [46] , with the latter works interpreting scalar mesons as being also dynamically generated resonances. These approaches are in contrast with other works such as [47, 48] , where the four spin-0 and spin-1 nonets are included in the large N c ground state of QCD. Combined information from lattice data, dispersion relations and sum rules is being used [49, 50] to address the question of whether the axial vector a 1 (1260) meson achieves degeneracy with the ρ (780) meson in the context of chiral symmetry restoration in relativistic heavy ion collisions. This might help to clarify the dispute regarding the nature of opposite parity states as being chiral partners or not.
The main goal of this paper is to generalize the result of previous works [12, 13, 15] and include the spin-1 degrees of freedom in the effective meson Lagrangian together with corresponding important accompanying effects due to explicit chiral symmetry breaking. To fix the parameters of the model we calculate the masses of spin-0 and spin-1 low-lying meson states. The applications of the obtained model will be considered elsewhere.
The present paper is organized as follows. In section II we briefly present the construction of the effective multi-quark vertices of the model, which had already been thoroughly discussed in [12, 13] for the spin-0 case. We then proceed to bosonize the effective Lagrangian in section III using a functional integral approach by introducing the physical boson fields as well as a set of auxiliary fields corresponding to quark bilinear structures. The auxiliary part of the functional integration is carried out in a stationary phase approximation (SPA) in subsection III A, and the Gaussian quark integration is performed using a heat kernel technique in subsection III B. After the bosonization procedure, we focus on the quadratic part of the bosonized Lagrangian in section IV, where we address the mixing between spin 0 and spin 1 boson fields and explain the necessary steps to get the meson kinetic and mass terms in standard form. Also in section IV, the weak decay constants of the pseudoscalar mesons are computed from the quadratic part of the bosonized Lagrangian using the PCAC hypothesis. Finally, in section V we discuss the fitting of the model's parameters, with a particular focus on the possibility of reproducing the whole low-lying spin-0 and spin-1 meson spectra.
II. EFFECTIVE MULTI-QUARK INTERACTIONS
Here we provide a brief review of the assumptions and procedure behind the construction of the effective meson Lagrangian. We refer to [12, 13] for a detailed description. Then, we extend these ideas to the case with vector and axial-vector mesons.
The dynamical breaking of chiral symmetry in the light quark sector (u, d and s flavors) is proven to be a crucial mechanism for understanding the non-perturbative regime of QCD.
An effective description of such regimeà la Wilson requires a characteristic cut-off scale Λ to be of the order of the spontaneous chiral symmetry breaking scale Λ χSB ∼ 1 GeV, and presents itself as a natural expansion parameter for a chiral Lagrangian based on effective multi-quark vertices. The leading order effective Lagrangian includes local four-fermion couplings normalized to the Λ cut-off scale. The higher-dimension multi-quark operators are responsible for next to leading order corrections in the description of the low-energy physics and correspondingly normalized to higher powers of Λ.
Furthermore, the explicit breaking of chiral symmetry due to finite current quark masses is extraneous to the strong interaction itself and may be realized by allowing the quarks to interact with an external source χ; this approach facilitates the inclusion of the most general set of explicit symmetry breaking terms which are relevant at the order in Λ and N c to which chirally symmetric terms are included.
Following the standard procedure, we define the quark bilinears (currents)
where q is the quark field; γ µ and γ 5 are Dirac matrices; the index a takes on the values 0, 1, . . . , 8; λ a are standard U (3) matrices, where λ 0 = 2 3 × 1 and the rest are the conventional SU (3) Gell-Mann matrices, which obey the trace orthonormality condition tr(λ a λ b ) = 2δ ab .
Using eq.(1) and completeness relations 8 a=0 (λ a ) ij (λ a ) mn = 2δ in δ jm , one may obtain the flavor components of the quark bilinears
Here
(1 ± γ 5 ) are the right and left chiral projection operators. The action of the U(3) R × U(3) L group on quark fields is described by the unitary matrices V R and V L :
As a result, we find
The terms of the effective multi-quark Lagrangian are built from the quark bilinears Σ,
, the scale Λ, and the external source χ (the field χ is assumed to transform as Σ and finally will be used to introduce explicit symmetry breaking effects), in a way which respects hermiticity, Lorentz and chiral invariance, as well as discrete symmetries such as parity and charge conjugation. Dimensional analysis together with the restriction to terms which contribute to the effective potential at Λ → ∞ are employed in the selection of the effective terms which are considered relevant. These include the well-known four-, six-and eight-quark terms
among which the U A (1) breaking 't Hooft determinant (proportional toκ) is included.
Additionally, the 11 explicit symmetry breaking spin-0 terms are considered in [12, 13] 
In these expressions, the barred G, g's and κ's are dimensionless effective couplings; the traces and determinants refer to flavor space only, and ǫ ijk is the Levi-Civita symbol in flavor space. Both L int and the various L i terms have already been discussed in [12, 13] , where it has been argued that they form a (spin-0) complete set in an expansion in N c , with the term proportional toḠ and L 0 being the leading order contributions (O (N . Furthermore, it has been pointed out that the terms proportional to κ, κ 1 , κ 2 , g 1 , g 4 , g 7 , g 8 , g 10 trace OZI rule violating affects, while those proportional to g 2 , g 3 , g 5 , g 6 , g 9 express an admixture of fourquark componentsto theqq one. As a final remark, it has been noted that the terms proportional to κ 1 , g 9 , g 10 , which are bilinear in quark fields, may be related to the known Kaplan-Manohar ambiguity [51] in the definition of current quark masses, so that these couplings may be set to 0 without loss of generality.
In this work, we do not consider multi-quark effective terms with derivatives. In a local multi-quark Lagrangian, derivative interactions contribute only (through bosonization) to radial excitations of the meson fields [52, 53] . For modelling the low-lying states, these contributions are then dispensable. Derivative terms would further allow for non-homogeneous quark condensates, a feature which is also beyond the scope of the present work.
To extend the above ideas to spin-1 states we follow here the same logic. As a result, we were able to identify 13 new terms which include R µ and L µ quark bilinears:
Also here, thew's are dimensionless effective couplings. L to L ′ 13 complete the set of explicit symmetry breaking terms which are relevant at next-toleading order. The terms proportional to w 2 , w 3 , w 6 , w 9 express OZI rule violating effects, while those proportional to w 4 , w 5 , w 7 , w 8 , w 10 , w 11 , w 12 , w 13 are related with an admixture of four-quarkcomponents to theqq one.
III. FUNCTIONAL BOSONIZATION
In order to have an effective model in terms of hadronic degrees of freedom, we proceed to bosonize the multi-quark Lagrangian. The starting point is the functional integral
where the Lagrangian density L(x) is given by
Next, we use the functional representation of unity [6] 
as a tool to introduce into (10) the auxiliary bosonic fields
The resulting functional integral reads
where we have defined the Lagrangian density
with the previously defined quark bilinears rewritten as functions of the auxiliary boson fields s a , p a , v µ a , a µ a (κ 1 = g 9 = g 10 = 0), and with the substitution χ = m/2, m being the current quarks mass matrix. These expressions read
and
and correspondingly for spin-1 fields
In these expressions, f abc are the antisymmetric structure constants of a Lie algebra 
is a totally symmetric tensor in flavor linear space.
In the Nambu-Goldstone realization of chiral symmetry, the scalar field σ develops a finite vacuum expectation value σ = M. In order to properly describe excitations around the true unsymmetric vacuum we make a shift σ → σ + M in (13) . M may be interpreted as a constituent quark mass matrix. Defining ∆ = M − m, we may rewrite (13) as
Here the auxiliary Lagrangian density L aux is given now by
The full bosonized Lagrangian appearing in the last line of (19) comprises contributions from the integration over auxiliary fields,
and from the quark Gaussian integral
The former is performed using a stationary phase approximation (SPA), while the latter is computed with a modified heat kernel technique.
A. Stationary Phase Aproximation
As was done in [12, 13] , the functional integration in (21) 
We seek solutions in the form of a series in powers of boson fields σ, φ, V
By equating the coefficient of each monomial combination of fields in (23) to zero, we are able to express the several coefficients h and H appearing in (24) 
Then the system of three equations to find h i is
Here we use the definitions
The h i are in direct connection with the quark condensates q i q i which play the role of order parameters in the transition between Wigner-Weyl and Nambu-Goldstone realizations of chiral symmetry.
The conditions (26) had already been found in [12, 13] , a fact which indicates that the inclusion of vector modes in the model has no direct impact in the SPA conditions for the quark condensates.
Expressions for the two-index h ab and H ab coefficients may be computed from linear monomials in (23) . The result is
where again the inclusion of vector modes has no direct consequence on the above formulae, which have been previously obtained.
On the opposite, two other coefficients H
ab and H
ab associated with vector and axialvector terms are new. They are given by the following expressions
The striking similarity between the two expressions (29) and (30), where the only difference is in the signs of those terms proportional to w 7 , w 10 and w 12 , is a noteworthy aspect with important consequences regarding the fitting of the model's parameters. Another interesting feature of these expressions is the apparent decoupling between spin-0 and spin-1 related parameters; the new w's enter only in the new coefficients H ab , with none of the old parameters entering alongside.
The three-index coefficients h abc and H abc are determined from quadratic (or bilinear) monomials appearing in (23), which we collect for future reference in Appendix A. We remark that the apparent disconnection between spin-0 and spin-1 related parameters is again manifest in these expressions.
This procedure can be extended to obtain the higher index coefficients. As a result the coefficients h a (and couplings of multi-quark interactions) fully determine all of them.
Finally, all these recursion relations may be used to find the contribution to the bosonized Lagrangian density resulting from the SPA functional integration; it reads (up to cubic terms in the fields)
Equation (31) sheds light onto the physical role played by the various h and H coefficients.
The h a are related with the amplitude of the tadpole σ a terms, i.e. with the vacuum expectation value of the σ a field. The two-index coefficients express SPA-contributions to the masses of the boson fields, while the three-index coefficients yield contributions to the couplings of effective three-field interaction vertices.
B. Quark Determinant
The calculation of the quark determinant contribution to the bosonized Lagrangian is performed with a generalized heat kernel technique [54] [55] [56] which accommodates the possibility of a non-degenerate mass matrix M. The method consists of a suitable resummation of the heat kernel series which ensures that, to each order in the modified series expansion, the resulting contribution to the bosonized Lagrangian remains consistent with the pre-determined chiral symmetry requirements. The Gaussian functional integral (up to an overall unessential constant) may be rewritten in an Euclidean metric as
with the Dirac operator
The contribution of the chiral determinant to the real part of the effective action can be found in accord with the following formal manipulations
by which the modified heat kernel expansion results in a series of the form
are the Schwinger's proper-time integrals in which a regulating kernel ρ (τ Λ 2 ) is specified as a Pauli-Villars type regulator with double subtractions [57, 58] ρ τ Λ
The generalized Seeley-DeWitt coefficients b n for the spin-0 version of the model have been obtained in [12, 13] . These can be translated into the appropriate form for the model under study through the procedure described in [59] . The first three coefficients read
where
j and with the following definitions: To order n = 2 in the heat kernel expansion the gap equations are
with
s . Their form is unaltered by the presence of spin-1 modes in the model.
IV. MASS DIAGONALIZATION AND WEAK DECAY CONSTANTS
Let us consider now the free part of the Lagrangian density, which comprises the kinetic and mass terms for the boson fields. By requiring that the kinetic terms have the standard form (i.e. yielding propagators with a residue of 1 at the pole), we may determine appropriate renormalization constants for the fields. From the mass terms we are able to extract the relations between the boson masses and the model's parameters which are essential for fitting the model. The computation of axial currents is also dependent on the field renormalization constants, and may in turn be used to find expressions for the weak decay constants of the pseudoscalar mesons by applying the PCAC hypothesis. The decay constants may also be employed in the model's fitting. With this in mind, we gather the quadratic terms of the full bosonized Lagrangian density and write them out as
Here, F (49)). This mixing is a known feature arising due to spontaneous chiral symmetry breaking (for axial-vector modes) and explicit symmetry breaking (for vector modes) (see e.g. [39, 60] ).
In order to be able to interpret elementary excitations of the boson fields as mass eigenstates, we need an adequate redefinition of the fields which eliminate the aforementioned quadratic mixing terms. There are several possibilities here. One may use the covariant approach [60] which conserved the chiral transformation laws of spin-1 fields, or a conventional approach [40, [61] [62] [63] . The latter changes the transformation laws of spin-1 states but is simple with minimal impact on the structure of the Lagrangian and without violation of chiral symmetry. In our case, however, a shift V µ → V µ + kX µ and similarly for
is not enough to achieve diagonalization. The reason is that with the inclusion of the complete set of next-to-leading order multi-quark terms, after a shift of the V µ and A µ fields, each combination of field components V (and A µ a ∂ µ φ b ) will in principle need a different condition in order to be eliminated due to the complex structure of the H ab coefficients. This leads us to introduce shifts of the form
where the index a in k a and k aµν .
Following the steps described in appendix B, we obtain for the coefficients k a related with the V σ-mixing the conditions
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In these expressions, we have made explicit the fact that H (1)
bb for the pairs of indices (a, b) = (1, 2), (4, 5), (6, 7), which in turn results in the equalities k 1 = k 2 , k 4 = k 5 , and k 6 = k 7 . These equalities connect pairs of components which contribute to the same U (3) matrix entries and are, in light of that pattern, unsurprising. The constants To avoid the Aφ-mixing we come to the following conditions:
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As in the previous case, we recognize equalities k
, and k
, which rely on equivalent equalities among H (2) aa components. Furthermore, we have defined the constants k Besides dealing with the mixing terms in the quadratic part of the bosonized Lagrangian, the shifts (50) contribute to the kinetic terms of the spin-0 fields which are expressed in (B1). With the use of conditions (B3), as well as (52) and (53), the full kinetic terms of these fields may be simplified to
These expressions lead us to define the necessary field rescalings for obtaining kinetic terms in their standard forms. These are
with ̺ 2 = 4π 2 /(N c I 1 ) and
One should keep in mind the relations between H ii and H aa as stated after equation (53) .
In exactly the same way, one may extract the kinetic terms of spin-1 fields in (B1),
and rescale them as
in order to obtain standard kinetic terms for spin-1 fields.
Finally, we apply the rescalings defined in (55) and (58) to the remaining terms in (B1) so that we may rewrite the quadratic part of the bosonized Lagrangian density as
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We have used the gap equations (48) to simplify the scalar (60) and pseudoscalar (61) field quadratic terms. The terms proportional to h ij in both (60) and (61) 
Here the flavor basis boson fields may be represented as a linear combinations of a = 0, 3, 8
In relations (66)- (69), we have decomposed the diagonal components of the fields in the (0, 3, 8) basis, as well as in the (3, ns, s) basis, which consists of the neutral isotriplet component and the non-strange and strange isosinglet components, respectively. These three components still appear in bilinear mixed terms in (60) and (61) due to the term proportional to h ij .
The physical (mass eigenstates) neutral mesons arise as suitable combinations of said components which may be parametrized by three mixing angles constrained by three diagonalization conditions imposed by the requirement that all mixing terms are eliminated. In the isospin limit, the neutral isotriplet component uncouples from the isosinglet ones, and only one mixing angle is needed for diagonalization. We may then identify immediately
. In the pseudoscalar sector the mixing angle is commonly introduced as
in the (ns, s) basis. In the scalar sector, the mixing scheme is analogous to that of the
In both cases, the θ and ψ angles are related to each other through ψ = θ + arctan √ 2. The resulting scalar and pseudoscalar mass Lagrangians are listed in Appendix C, together with the vector and axial vector ones (which involve no mixing between the neutral mesons). We may then summarize the mass expressions. For scalar mesons we have
In the chiral limit (m i → 0), we get
well as h = Mh (2) . This makes it easy to verify in (75) that both M π and M K go to zero in this limit. Also, in the chiral limit we get h 2) . Using this and the fact that ψ φ = arctan √ 2 in this limit (this may be checked resorting to the conditions C3 and is equivalent to θ φ = 0, i.e. no mixing between flavor SU (3) singlet 0 and octet 8 components), it can be shown that M η also goes to zero, while the η ′ retains a finite mass, due to the Adler-Bell-Jackiw anomaly, given by
A detailed discussion of the anomaly within the 8q-extended version of the model without the explicit symmetry breaking interactions and the vector terms is given in [11] .
For the masses of the vector and axial-vector mesons we obtain
Axial transformations of the meson fields may be used [64] to define axial vector currents A µ a , which are conserved in the chiral limit (m i = 0, i = u, d, s). The linear (in powers of meson fields) part of these currents may be obtained from (59) . The general formula is
where δL is the variation of the Lagrangian due to the local axial transformations parametrized by β a (x). The sum in C is over all σ, φ, V µ and A µ field components, and δC is the infinitesimal chiral transformation of the field C. Having this current one may wish to calculate the matrix element 0| A aµ |φ b (p) = −if ab p µ , where the f ab are constants associated with the weak decays of pseudoscalar states. For the pion weak decay constant f π we find
where f π (in the isospin limit considered) is given by
This is nothing else than the quark analog of the celebrated Goldberger-Treiman relation, which is M u = f π g π , where g π is the renormalization constant of the pion field.
In full analogy with calculations of f π , the weak decay constant of the kaons can be shown to have the form
This expression again follows the general framework of the Goldberger-Treiman result for this quantity, (M u + M s ) = 2f K g K , where g K is the renormalization constant of the kaon field defined through (55).
V. PARAMETER FITTING AND DISCUSSION
The problem of fitting the model's parameters has been thoroughly discussed in [12, 13] in the isospin limit, where only spin-0 modes had been considered. There, the number of conditions and empirical inputs was just right for the fitting to be accomplished. The inclusion of spin-1 modes adds 13 new parameters to the model while also altering the formulae for the spin-0 meson masses and weak decay constants. From the 13 new parameters, only 9 appear in the quadratic part of the bosonized Lagrangian through H (1,2) ab , as can be seen in expressions (29) and (30) . (The other parameters may contribute at finite densities, at which V 0 i = 0.) Even so, in the isospin limit, the only new available empirical inputs are the 6 independent vector and axial-vector meson masses, which are still not enough for an unambiguous fitting. If we cannot definitely pinpoint all the new parameters using only the quadratic part of the Lagrangian, we then choose to address a slightly different problem:
can we find a parameter set which reproduces the full spin-0 and spin-1 meson spectra?
In total, there are 29 adjustable parameters: 2 current quark masses (m u,d , m s ); 2 quark
9 "new" couplings (w 1 , w 6 , w 7 , w 8 , w 9 , w 10 , w 11 , w 12 , w 13 ); and 2 mixing angles (θ σ , θ φ ). On the other hand, there are a number of conditions and empirical inputs which can be used to fit the model: 2 gap equations (48) 
2 pseudoscalar weak decay constants (f π , f K ); and 2 mixing angle conditions. These give a total of 22 conditions, which is 7 conditions short for a complete unequivocal fitting of all the parameters.
Three of the missing conditions may be provided by externally fixing the current quark masses m u and m s , as well as the pseudoscalar mixing angle θ φ , to be in accord with known phenomenological expectations.
We may also note that all w i parameters enter all expressions related with the quadratic part of the Lagrangian through H ab coefficients only. In (29) and (30), we see that w 1 , w 6 and w 9 contribute in exactly the same way to all coefficients independently of a and b, so that we may effectively set two of these parameters to zero and take only one of them to contribute for the three; we then choose w 6 = w 9 = 0. The correct distribution of this contribution among the three parameters may require non-zero w 6 and w 9 , but this only becomes relevant when looking at interaction terms, where the H abc coefficients appear, and does not invalidate the idea of setting them to zero in order to attempt fitting at the quadratic Lagrangian level only.
From among the other parameters, we choose w 13 = 0, but we must show that this choice is essentially arbitrary. To that end, we have used this prescription for fitting the model, and then have independently varied the fixed values for w 1 and w 13 and repeated the fitting.
We have found that varying either w 1 or w 13 simply resulted in a refitting of the values of w 8 and w 11 , with no impact on any other parameter.
The parameters w 7 , w 10 and w 12 , which appear with opposite signals in (29) and (30), are essential for establishing the mass differences between flavor partner vector and axial-vector mesons and should therefore not be set to zero. Regarding this statement, we may actually prove the following conditions which are valid in the case of an exact isospin symmetry:
This means that, if M u , M s and Λ are fitted, w 7 , w 10 and w 12 are automatically determined from the spin-1 meson masses by these relations. Hence, the values of these three parameters are tightly constrained by the empirical data and should be properly fitted.
Similarly to what has been said concerning the assignments w 6 = w 9 = 0, a full unambiguous fitting of all the w's will always require us to study their impact on the effective three-meson vertices, but we may still use this somewhat arbitrary fitting scheme at the quadratic Lagrangian level to check if the model is able to reproduce the meson spectra.
A useful systematic approach to the fitting routine may start by identifying all the conditions which involve only the w i , M i and Λ; these are the 3 vector and the 3 axial vector masses, and the f π and f K weak decay constants. With w 6 = w 9 = w 13 = 0, and with w 1 previously fixed, the remaining w's (w 7 , w 8 , w 10 , w 11 , w 12 ), as well as M u , M s and Λ, may be fitted using the above mentioned 8 empirical inputs.
The fact that both constituent quark masses and the scale Λ are fixed entirely by the spin-1 spectra and the pseudoscalar weak decay constants is a detail worthy of note. Actually, it can be shown using the mass formulae (77) and (78) and the explicit form of the coefficients
This means that, in the isospin limit (m u = m d ), the model predicts a relation between M u and M s depending solely on the spin-1 meson masses.
Furthemore, the axial-vector meson masses in (78) may be rewritten as
i.e. in terms of constituent quark masses, the scale Λ (through ̺ 2 ) and weak decay constants only. Together with expression (84), these relations completely determine M u , M s and Λ.
The result of the partial fitting described above may then be carried on to the remaining conditions as inputs in order to fit the rest of the parameters. The h i are already fully determined by the gap equations at this stage, so we may then focus on the 4 scalar and 4 pseudoscalar masses, the 2 mixing angle conditions and the 2 stationary phase conditions in order to fit the 11 parameters (G, κ, κ 2 , g 1 , g 2 , g 3 , g 4 , g 5 , g 6 , g 7 , g 8 ) as well as the scalar mixing angle θ σ .
From the empirical point of view, the pseudoscalar and the vector low-lying nonets are relatively well established, the former with the π, K, η and η ′ (958) mesons and the latter with the ρ (770), K * (892), ω (782) and ϕ (1020) mesons. The axial-vector nonet that we will try to fit consists of a 1 (1260), K 1 (1270), f 1 (1285) and f 1 (1420), of which a 1 (1260) exhibits a broader peak leading to a larger experimental mass uncertainty. Also, some authors propose f 1 (1510) as a member of the nonet instead of f 1 (1420), and there are suggestions as to f 1 (1285) and f 1 (1420) being actually K * K molecules or tetraquark states [65] . Meanwhile, the scalar nonet is probably the most controversial one. Models relying heavily on chiral symmetry constraints (as is the case of the model under study) usually identify the members of the low-lying scalar nonet as the σ (500), the κ (800), the a 0 (980) and the f 0 (980), although different approaches may establish the nonet with some other states, namely the K * 0 (1430) instead of the the κ (800) [65] . As was done in the spin-0 version of [65] . The present model contemplates the admixture of four-quark components to the usualqq content of the mesons, which is arguably an advantageous feature of the approach. Yet, we are also faced with a large empirical range for the masses of the σ (500) (400 ∼ 550 MeV) and κ (800) (650 ∼ 850 MeV) mesons [65] .
Using the empirical inputs listed in The spin-0 spectra is reproduced similarly to what has been done in [12, 13] with the spin-0 version of the model. The differences arise through the contributions of the spin-1 w i parameters and the fact that the scalar mixing angle θ σ is fitted together with the effective couplings, yielding a value consistent with those provided in the literature [66, 67] . This fitted value is, of course, subject to variations due to the large uncertainties in the empirical masses of the κ (800) and σ (500) mesons. This dependency is illustrated in Table III , where the value of the scalar mixing angle is shown for different combinations of the above mentioned masses (all other input being as given in Table I ). We can see a very significant variation of θ σ with the κ (800) mass, which seems to require this mass to be on the higher side of its empirical range for θ σ to be within reasonable values.
The high number of effective couplings which the model introduces may be regarded as a shortcoming, based on the notion that a sufficiently high number of parameters is a sufficient condition to fit any kind of data, making the modelling rather arbitrary and devoid of physical meaning. However, the way the effective couplings are introduced in the model is not at all arbitrary, lending themselves to strict symmetry constraints which are provided by the underlying fundamental physics at work. Furthermore, we should take a look at the way the w i 's enter the model's expressions for the observables considered in this study to realize how these symmetry constraints strongly bind the parameters' eventual arbitrariness. From the 13 w i 's which are introduced through the effective multi-quark vertices, only 9 appear in the quadratic part of the Lagrangian; from these 9, not all are really independent, with e.g. w 1 , w 6 and w 9 clustering into a single effective contribution. These somewhat subtle and intricate relations effectively express the symmetry constraints of the model and, hence, the underlying physics. The ability of the model to reproduce the low-lying meson spectra should not be taken as an a priori feature of a large number of parameters, but rather as a successful capturing of relevant physical content.
VI. COUPLING CONSTANTS IN NATURAL UNITS
The above discussion would be incomplete without giving some qualitative arguments based on naive dimensional analysis applied to the effective multi-quark Lagrangian. Although these arguments cannot be trusted to any great numerical accuracy, they provide a qualitative guide to the presented picture of the family of multi-quark couplings and interactions. Our guiding principle in this consideration is the idea of naturalness (in the Dirac sense), according to which after extracting the dimensional scales from a term of the Lagrangian, the remaining dimensionless coefficient should be of order of unity. Naively, we did this in eqs. (7)- (9). Here we would like to make our consideration more detailed.
Indeed, in the problem considered we have several important scales. First, of course, a dimensionful parameter Λ = 1.633 GeV which estimates the chiral symmetry breaking scale and suppresses non-renormalizable terms in an effective multi-quark Lagrangian. However, we might also want to consistently count powers of the effective constituent quark mass M = 244 MeV (we will neglect in our naive analysis the difference between strange and non strange quark masses) and the pion weak decay constant f π = 92 MeV. The mass M is a characteristic of chirality violation at the vertex. For instance, if the Lagrangian contains the quark bilinearsq R q L orq L q R , then such vertex changes chirality by the value |∆χ| = 2. Our Lagrangian includes these transitions through the terms (2) and (3). On the other hand, the quark bilinearsq L γ µ q L orq R γ µ q R do not change chirality. Thus, for them |∆χ| = 0, and this is true for the vector combinations (4) and (5).
The pion decay constant f π is a dimensionful parameter which governs the dynamics of the Goldstone boson fields. At low energy it is small compared to Λ and naturally appears when one bosonizes the multi-quark interactions. Taking all these scales into account, we come to the formula
wherec is the dimensionless constant of order of unity (for natural units), A is the meson field power, B is the quark field power, C = |∆χ|/2 describes the chirality violation at the quark part of the vertex, D is the number of derivatives, and E counts the explicit symmetry breaking effects induced by the external field χ ∼ m. Comparing our result with the one of Manohar and Georgi [68] , it should be noted that our Lagrangian at the quark level does not have derivative interactions. However, if one would like to analyse the couplings of the effective meson Lagrangian which results from bosonization, one should include this term too in accordance with [68] . On the other hand, they do not consider explicit symmetry breaking effects and, as a result, they do not have the term with χ, as we have.
The prescription (86) produces a set of coefficients for the higher-dimension operators more energy to be generated. For instance, in chiral perturbation theory they appear only at p 6 order. All these naturalness considerations follow 't Hooft's notion of naturalness: that a parameter is naturally small if setting it to zero enhances the symmetry of the theory.
VII. CONCLUSIONS AND OUTLOOK
We studied a generalized three-flavor NJL-type model with spin-1 mesons included. As a new aspect, we have considered the explicit symmetry breaking (ESB) effects induced by the multi-quark interactions. The latter are supposed to appear at low energies as a result of long scale QCD dynamics. The standard quark mass termqmq is considered to be a leading order term in the hierarchy of possible multi-quark interactions. These effects are known to be important in chiral perturbation theory (due to a large strange quark mass m s ∼ 100 MeV). The effective model with multi-quark interactions naturally incorporates the vertices with higher powers of current quark masses, in terms of which the problem can easily be formulated. We collected all such effective interactions (without derivatives) and investigated their influence on the mass spectrum of spin-0 and spin-1 mesons. Our result shows that the next to leading order current-quark-mass corrections are tractable and essentially improve our description of meson spectra. This is the main result of our work.
One should note that we are still far away from a satisfactory theory for collective quark states. The approach considered here adds to the many known attempts in this direction an interesting new feature -the possibility to study directly the internal mechanism of the bound states' formation which includes not only the leading effect of quark -antiquark pairing but also takes into account the subleading effects due to the admixture ofcomponents and ESB.
Our analysis can be extended in several directions. First, the large amount of phenomenological results give us the hope that we may estimate the importance of explicit symmetry breaking phenomena for some processes. We are working in this direction. Second, nowadays it is getting clear that the multi-quark interactions can be important for the description of quark matter in a strong magnetic background (for instance, in stars). It would be interesting to understand which set of the effective quark-mass dependent interactions is of importance here. A further motivation comes from the hadronic matter studies in a hot and dense environment. The critical points of the phase diagram and even the type of phase transitions are sensitive to the quark masses. For the sake of completeness we describe in this appendix the basic steps made to avoid the V σ-and Aφ-mixing from the meson Lagrangian. As in the main text, we focus only on the quadratic part of the Lagrangian density, where we preform the following shifts: 
We may then collect the mixing terms and write them as 
